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a b s t r a c t
In this paper, we consider the Cauchy problem for a model of electro-hydrodynamics in
Rd (d = 2, 3). When d = 2, we prove that the model has a unique global-in-time smooth
solution. When d = 3, we prove a regularity criterion in terms of the vorticity field only.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
We consider the Cauchy problem of the following model of electro-hydrodynamics in Rd (d = 2, 3) [1,2]:
∂tu+ u · ∇u+∇π = ∆Φ∇Φ, (1.1)
div u = 0, (1.2)
∂tn+ u · ∇n = ∇ · (∇n− n∇Φ), (1.3)
∂tp+ u · ∇p = ∇ · (∇p+ p∇Φ), (1.4)
−∆Φ = p− n, (1.5)
(u, n, p)|t=0 = (u0, n0, p0) in Rd (d = 2, 3). (1.6)
The unknowns u, π,Φ, n and p denote the velocity, pressure, electric potential, anion concentration and cation concentra-
tion respectively.
Eqs. (1.3)–(1.5) are known as the electro-chemical equations [3] or semiconductor equations [4,5], and electro rheological
systems [2,6] when formally setting u = 0.
The first Eq. (1.1) is the linear momentum equation of incompressible flow, (1.1) and (1.2) are Euler equations with the
Lorentz force∆Φ∇Φ . Kozono et al. [7] proved the following regularity criterion:
ω := curl u ∈ L1(0, T ; B˙0∞,∞(R3)). (1.7)
Here, B˙0∞,∞ is the homogeneous Besov space.
It is easy to show that the problem (1.1)–(1.6) has a unique local smooth solution with u0 ∈ H3(Rd) and (n0, p0) ∈
H2(Rd)×H2(Rd). Thus we omit the details here. However, the global regularity is still open, which this paper aims to study.
We will prove that
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Theorem 1.1 (d = 2). Let (u0, n0, p0) ∈ H3(R2)× H2(R2)× H2(R2) with n0, p0 ≥ 0 and div u0 = 0 in R2. Then, there exists
a unique global-in-time smooth solution (u, n, p,Φ) satisfying
n, p ≥ 0, u ∈ L∞(0, T ;H3), (n, p) ∈ L∞(0, T ;H2) ∩ L2(0, T ;H3),
Φ ∈ L∞(0, T ;H4) ∩ L2(0, T ;H5) (1.8)
for any T > 0.
Theorem 1.2 (d = 3). Let T > 0 and (u0, n0, p0) ∈ H3 × H2 × H2 with n0, p0 ≥ 0 and div u0 = 0 in R3. Suppose
that (u, n, p,Φ) is a local smooth solution to the problem (1.1)–(1.6). Then, (u, n, p,Φ) can be extended beyond T provided
that, (1.7) is satisfied.
We will use the following bilinear estimates due to Kato–Ponce [8]:
‖Λs(fg)− fΛsg‖Lp ≤ C(‖∇f ‖Lp1 ‖Λs−1g‖Lq1 + ‖Λsf ‖Lp2 ‖g‖Lq2 ), (1.9)
‖Λs(fg)‖Lp ≤ C(‖Λsf ‖Lp1 ‖g‖Lq1 + ‖f ‖Lp2 ‖Λsg‖Lq2 ), (1.10)
with s > 0,Λ := (−∆)1/2 and 1p = 1p1 + 1q1 = 1p2 + 1q2 .
In Section 2, wewill give some preliminaries. Section 3 is devoted to the proof of Theorem 1.1. In Section 4, wewill prove
Theorem 1.2.
2. Preliminaries
In this section, we will give some elementary lemmas.
Lemma 2.1. n ≥ 0, p ≥ 0, in (0, T )× Rd,
(n, p) ∈ L∞(0, T ; L2) ∩ L2(0, T ;H1) for any T > 0. (2.1)
Proof. By the maximum principle, it is easy to prove that n ≥ 0 and p ≥ 0 in (0, T )× Rd.
Testing (1.3) by n and testing (1.4) by p, using (1.5) and the divergence free property and summing up the resulting
equality, we easily get
1
2
∫
(n2 + p2)dx+
∫ T
0
∫ 
|∇n|2 + |∇p|2 + 1
2
(p− n)2(n+ p)

dxdt ≤ 1
2
∫
(n20 + p20)dx
which proves (2.1). 
Lemma 2.2.
(n, p) ∈ L∞(0, T ; L∞(Rd)). (2.2)
Proof. Testing (1.3) by nk−1 and testing (1.4) by pk−1 respectively, using (1.2), (1.5) and n, p ≥ 0, we get∫
(nk + pk)dx ≤
∫
nk0 + pk0dx ≤
∫
(n0 + p0)kdx
which implies
‖n‖Lk ≤ ‖n0 + p0‖Lk ,
‖p‖Lk ≤ ‖n0 + p0‖Lk .
Taking k →∞, we obtain (2.2). 
Lemma 2.3.
u ∈ L∞(0, T ; L2), (2.3)
∇Φ ∈ L∞(0, T ;H1 ∩ L∞) ∩ L2(0, T ;H2). (2.4)
Proof. Testing (1.1) by u, using (1.2)–(1.5), we have
1
2
d
dt
∫
(u2 + |∇Φ|2)dx+
∫
(|∆Φ|2 + (n+ p)|∇Φ|2)dx = 0, (2.5)
which leads to (2.3).
(2.4) follows from (2.5), (2.1), (2.2) and (1.5). 
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3. Proof of Theorem 1.1
We only need to establish the a priori estimates.
We denote
ω := curl u := ∂1u2 − ∂2u1 and ∇⊥Φ =

∂2Φ
−∂1Φ

.
Taking curl to (1.1), we have
∂tω + u · ∇ω = ∇(n− p) · ∇⊥Φ. (3.1)
Testing (3.1) by ω, using (1.2), (2.1) and (2.4), we see that
1
2
d
dt
∫
ω2dx =
∫
∇(n− p) · ∇⊥Φ · ωdx
≤ ‖∇(n− p)‖L2‖∇Φ‖L∞‖ω‖L2
whence
d
dt
‖ω‖L2 ≤ ‖∇Φ‖L∞‖∇(n− p)‖L2
which gives
‖∇u‖L∞(0,T ;L2) ≤ C‖ω‖L∞(0,T ;L2) ≤ C . (3.2)
Applying∆ to (1.3), testing by∆n, using (1.2), we find that
1
2
d
dt
∫
|∆n|2dx+
∫
|∇∆n|2dx =
∫
∆(n∇Φ) · ∇∆ndx−
∫
[∆(u∇n)− u∇∆n]∆ndx
= : I1 + I2. (3.3)
Using (1.10), (2.2), (2.4) and (1.5), I1 can be bounded as follows.
I1 ≤ C‖∆n‖L2‖∇Φ‖L∞‖∇∆n‖L2 + C‖n‖L∞‖∇∆Φ‖L2‖∇∆n‖L2
≤ C‖∆n‖L2‖∇∆n‖L2 + C‖∇(n− p)‖L2‖∇∆n‖L2
≤ 1
4
‖∇∆n‖2L2 + C‖∆n‖2L2 + C‖∇n‖2L2 + C‖∇p‖2L2 .
Using (3.2), I2 can be bounded as follows.
I2 = −
−
i
∫
∆ui · ∂in ·∆ndx−
−
i
∫
∂iu · ∇∂in ·∆ndx
=
−
i
∫
∇ui · ∇(∂in ·∆n)dx−
−
i
∫
∂iu · ∇∂in ·∆ndx
≤ C‖∇u‖L2(‖∆n‖2L4 + C‖∇n‖L∞‖∇∆n‖L2)
≤ C‖∆n‖2L4 + C‖∇n‖L∞‖∇∆n‖L2
≤ C‖∇n‖L∞‖∇∆n‖L2
≤ C‖∇n‖1/2L2 ‖∇∆n‖3/2L2
≤ 1
4
‖∇∆n‖2L2 + C‖∇n‖2L2
by the following Gagliardo–Nirenberg inequalities:
‖∆n‖2L4 ≤ C‖∇n‖L∞‖∇∆n‖L2 , (3.4)
‖∇n‖2L∞ ≤ C‖∇n‖L2‖∇∆n‖L2 . (3.5)
Inserting the above estimates for I1 and I2 into (3.3), we get
d
dt
∫
|∆n|2dx+
∫
|∇∆n|2dx ≤ C‖∆n‖2L2 + C‖∇n‖2L2 + C‖∇p‖2L2 . (3.6)
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Similarly, for the p-equation, we have
d
dt
∫
|∆p|2dx+
∫
|∇∆p|2dx ≤ C‖∆p‖2L2 + C‖∇n‖2L2 + C‖∇p‖2L2 . (3.7)
Summing up (3.6) and (3.7), using (2.1), (2.4) and the Gronwall inequality, we conclude that
‖(n, p)‖L∞(0,T ;H2) + ‖(n, p)‖L2(0,T ;H3) ≤ C . (3.8)
Testing (3.1) by |ω|m−2ω(m > 2) and using (1.2), we deduce that
1
m
d
dt
‖ω‖mLm ≤ ‖∇(n− p)‖Lm‖∇Φ‖L∞‖ω‖m−1Lm
whence
d
dt
‖ω‖Lm ≤ ‖∇(n− p)‖Lm‖∇Φ‖L∞ .
Integrating the above inequality, we have
‖ω‖Lm ≤ ‖ω0‖Lm +
∫ T
0
‖∇(n− p)‖Lm‖∇Φ‖L∞dt.
Takingm →∞, we have
‖ω‖L∞(0,T ;L∞) ≤ ‖ω0‖L∞ +
∫ T
0
‖∇(n− p)‖L∞‖∇Φ‖L∞dt
≤ ‖ω0‖L∞ + C
∫ T
0
‖n− p‖H3dt
≤ C (3.9)
by (3.8) and (2.4).
In the following calculations, we will use the following logarithmic Sobolev inequality [7]:
‖∇u‖L∞ ≤ C(1+ ‖ω‖L∞ log(e+ ‖ω‖H2)) (3.10)
and the Gagliardo–Nirenberg inequality
‖∇ω‖2L4 ≤ C‖ω‖L∞‖∆ω‖L2 . (3.11)
Applying∆ to (3.1), testing by∆ω, using (1.2), (1.10), (3.10), (3.11), (3.9) and (3.8), we infer that
1
2
d
dt
∫
|∆ω|2dx = −
∫
(∆(u · ∇ω)− u∇∆ω)∆ωdx+
∫
∆[∇(n− p) · ∇⊥Φ] ·∆ωdx
≤ C(‖∆u‖L4‖∇ω‖L4 + ‖∇u‖L∞‖∆ω‖L2)‖∆ω‖L2
+ C(‖∇(n− p)‖L∞‖∆∇⊥Φ‖L2 + ‖∇Φ‖L∞‖∇∆(n− p)‖L2)‖∆ω‖L2
≤ C‖∆ω‖2L2(1+ log(e+ ‖∆ω‖L2))+ C‖n− p‖2H3‖∆ω‖L2
which gives
‖∆ω‖L∞(0,T ;L2) ≤ C
and hence
‖u‖L∞(0,T ;H3) ≤ C .
This completes the proof. 
4. Proof of Theorem 1.2
We only need to establish the a priori estimates.
ApplyingΛ3 to (1.1), testing byΛ3u, using (1.2), (1.9), (1.10), (2.2) and (2.4), we see that
1
2
d
dt
∫
|Λ3u|2dx ≤
∫ (Λ3(u · ∇u)− u · ∇Λ3u)Λ3udx+ ∫ Λ3((p− n)∇Φ) ·Λ3udx
≤ C‖∇u‖L∞‖Λ3u‖2L2 + C‖p− n‖L∞‖Λ3∇Φ‖L2‖Λ3u‖L2 + C‖Λ3(p− n)‖L2‖∇Φ‖L∞‖Λ3u‖L2
≤ C‖∇u‖L∞‖Λ3u‖2L2 + C‖n− p‖H2‖Λ3u‖L2 + C‖Λ3(n− p)‖L2‖Λ3u‖L2
≤ 1
16
‖∇3u‖2L2 +
1
16
‖∇3p‖2L2 + C(1+ ‖ω‖B˙0∞,∞ log(e+ ‖Λ3u‖L2 + ‖∆n‖L2 + ‖∆p‖L2))‖Λ3u‖2L2
+ C‖∆n‖2L2 + C‖∆p‖2L2 . (4.1)
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Here, we have used the logarithmic Sobolev inequality [7]:
‖∇u‖L∞ ≤ C(1+ ‖ω‖B˙0∞,∞ log(e+ ‖Λ3u‖L2)). (4.2)
Applying∆ to (1.3), testing by∆n, using (1.2), (1.10), (2.2), (2.4) and (4.2), we have
1
2
d
dt
∫
|∆n|2dx+
∫
|∇∆n|2dx =
∫
∆(n∇Φ)∇∆ndx−
∫
[∆(u · ∇n)− u · ∇∆n]∆ndx
≤ C‖∇Φ‖L∞‖∆n‖L2‖∇∆n‖L2 + C‖n‖L∞‖∇∆Φ‖L2‖∇∆n‖L2
+ C‖∇u‖L∞‖∆n‖2L2 + C‖∇n‖L3‖∆u‖L6‖∆n‖L2
≤ C‖∆n‖L2‖∇3n‖L2 + C‖∇(n− p)‖L2‖∇3n‖L2 + C‖∇u‖L∞‖∆n‖2L2
+ C‖∇n‖5/4
L2
‖∇3n‖3/4
L2
‖Λ3u‖L2
≤ 1
16
‖∇3n‖2L2 + C‖∇n‖2L2 + C‖∇p‖2L2 + C‖∆n‖2L2 + C‖∇n‖2L2‖Λ3u‖2L2
+ C(1+ ‖ω‖B˙0∞,∞ log(e+ ‖Λ3u‖L2 + ‖∆n‖L2 + ‖∆p‖L2))‖∆n‖2L2 . (4.3)
Here we have used the following Gagliardo–Nirenberg inequalities
‖∇n‖4L3 ≤ C‖∇n‖3L2‖∇∆n‖L2 ,
and
‖∆n‖2L2 ≤ C‖∇n‖L2‖∇∆n‖L2 .
Similarly, for the p-equation,we have
1
2
d
dt
∫
|∆p|2dx+
∫
|∇∆p|2dx ≤ 1
16
‖∇3p‖2L2 + C‖∇n‖2L2 + C‖∇p‖2L2 + C‖∆p‖2L2 + C‖∇p‖2L2‖Λ3u‖2L2
+ C(1+ ‖ω‖B˙0∞,∞ log(e+ ‖Λ3u‖L2 + ‖∆n‖L2 + ‖∆p‖L2))‖y∆p‖2L2 . (4.4)
Combining (4.1), (4.3) and (4.4), we arrive at
‖u‖L∞(0,T ;H3) + ‖(n, p)‖L∞(0,T ;H2) + ‖(n, p)‖L2(0,T ;H3) ≤ C .
This completes the proof. 
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